PRESENTING THE COHOMOLOGY OF A SCHUBERT VARIETY:
PROOF OF THE MINIMALITY CONJECTURE

AVERY ST. DIZIER AND ALEXANDER YONG

ABSTRACT. A minimal presentation of the cohomology ring of the flag manifold GL,,/B
was given in [A. Borel, 1953]. This presentation was extended by [E. Akyildiz—-A. Lascoux—
P. Pragacz, 1992] to a non-minimal one for all Schubert varieties. Work of [Gasharov-
Reiner, 2002] gave a short, i.e. polynomial-size, presentation for a subclass of Schubert
varieties that includes the smooth ones. In [V. Reiner-A. Woo-A. Yong, 2011], a general
shortening was found; it implies an exponential upper bound of 2" on the number of gen-
erators required. That work states a minimality conjecture whose significance would be
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giving the first obstructions to short presentations. We prove the minimality conjecture.

Our proof uses the Hopf algebra structure of the ring of symmetric functions.

an exponential lower bound of on the number of generators needed in worst case,

1. INTRODUCTION

1.1. Background. Let X = FI,(C) be the complete flag manifold; its points are complete
flags of subspaces of C",

F.:{<6>CF1CFQC"'CFn_1C(Cn},

where £} is a i-dimensional linear subspace of C". In 1953, A. Borel [2] gave a presentation
of its integral cohomology ring:

H*(X) 2 Zxy, ... a1,

where I is the ideal generated by symmetric polynomials of positive degree. A fea-
ture of Borel’s presentation is its shortness: the ideal I°" is generated by the elementary
symmetric polynomials e;(zy,...,2,), 1 < i < n. This exhibits that H*(X) is a complete
intersection, with n generators and n relations.

Let G L, be the Lie group of invertible n x n matrices and B its Borel subgroup of in-
vertible upper triangular matrices. GL,, acts transitively on X whereas B is the stabilizer
of the standard basis flag given by F; := Span {é3, €, ..., €;}. By the orbit-stabilizer the-
orem, X may be identified (topologically) with GL,/B. The finitely many B-orbits of
X are called the Schubert cells X, and are indexed by permutations w in the symmetric
group S, of permutations of {1,2,...,n}. Each cell is isomorphic to the affine space CA™).
Together, they form a CW-decomposition for X where each cell has even real dimension.
Their closures, the Schubert varieties

Xy = X_qj},
provide a Z-basis of the integral homology H.(X) and their Poincaré duals o, = [X,]*
give a Z-basis for the integral cohomology ring H*(X).
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The Bruhat decomposition is
X, =[] X,
u<w
where u < w refers to (strong) Bruhat order on S,,. Thus, X,, inherits a CW-decomposition
from F'l,,. The map on cohomology
H*(X) = H(X,)

that is induced by the inclusion of X,, in Fl, is a surjection with kernel

M L, = Spang {0, | u £ w};
see [12]. Therefore one obtains a Borel-type presentation

H*(X,) = H(X) /1.

The list of generators for I,, given in (1) is quite redundant in general since they span
I, linearly. What are more efficient lists of generators for I,,?

In 1992, E. Akyildiz—-A. Lascoux-P. Pragacz [1] made the first step towards minimizing
the generators of /,,. To state their result, define a grassmannian permutation to be u € S,
with a unique descent, i.e., a position k such that u(k) > u(k + 1).

Theorem 1.1 ([1, Theorem 2.2]). For any w € S,,, the ideal I, defining H*(X,,) as a quotient
of H*(X) is generated by the cohomology classes o, where u £ w and w is grassmannian.

In 2002, V. Gasharov-V. Reiner [7] showed that when X, is defined by inclusions (a fam-
ily of Schubert varieties that include the smooth ones) then I,, can be generated by n?
many generators. In addition, for the subclass of Ding’s Schubert varieties [4, 5], they of-

fered an even smaller generating set consisting of n generators; an application is given by
M. Develin-J. Martin—V. Reiner [3].

Can one always give such a “short” presentation of H*(X,,)? Formally, one asks:
Is it always possible to generate I,, by O(poly(n)) many generators?

In 2011, V. Reiner, A. Woo, and the second author [12] further refined Theorem
Complementing this result was a minimality conjecture which, if true, implies a negative
answer to the above question. That is, there is a family of Schubert varieties X, for
which [ requires exponentially many generators.

1.2. The main result. The goal of this paper is to prove the minimality conjecture of [12].

A useful way to think about Bruhat order was introduced by A. Lascoux and M.-
P. Schutzenberger [9]. They show there is a “base” B C S,, which is minimal with respect
to set-theoretic inclusion such that the map

i (Sn, <) = (27,0), urr {b € Blb < u}

is a poset isomorphism of (.5,,, <) with its image. In fact, B consists of the bigrassmannian
permutations, namely, those v € S, such that both v and v~ are grassmannian.

The bigrassmannian permutations (besides the identity) are indexed by integers , s, ¢
suchthatl <t <r,s <nandt > r+s—n. Let v, 5, € S, be the bigrassmannian
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r,8,t,n

permutation uniquely characterized by having unique descent at r, v
at s and v, 5;,(t) = s + 1. In one-line notation, one explicitly has

having descent

Upstn = 1,2,...,t =1, s+1,s+2,...,s+r—1t+1,
t,t+1,....8, s+r—t+2,s+r—=t+3,...,n;

see [12, Lemma 4.1].
For each basic element of S, a bigrassmannian permutation v, define the basic ideal of

H*(X) as
J, = Spany {oy,u > v}.
It is shown in [12] that I,, decomposes into basic ideals. Specifically,

(2) I, = Z Sy,
)

ve€(w
where £(w) is the set of u € S,, which are minimal in the Bruhat order among those not
below w. The set £(w) is referred to as the essential set.

It is established in [12, Section 3] (see specifically Proposition 3.1 and Theorem 3.2)
that, without loss, the ideals J, of H*(X) can be considered instead in the cohomology
ring H*(Gr,,,) of the Grassmannian of r-planes in C". This allows one to study J, by
working with symmetric functions.

Let A = A(xq, 29, .. .) be the ring of symmetric functions with integral coefficients. This
space has a Z-linear basis consisting of Schur functions s,, where A is an integer partition.
Consider the ideal

Ir,n—r = SpanZ {S/\ | A g (TL - T)T}

of A. Then one has the following standard presentation of the cohomology of Grassman-
nians:

H*(Gr,.,) = A1 s

We will use an overline to denote the projection A — A/, ,_,. Specifically, we will
write A as a shorthand for A/ I, ,,—. We will also distinguish between s, € A, the usual
Schur function, and 5, for its image in A.

We resolve the minimality conjecture [12, Conjecture 4.10] about the basic ideals J,:
Theorem 1.2. Given a bigrassmannian permutation v = v, s, € S, let
1 =s—1t+1,
Jj=r—t+1,
a=min(n —r —1i,7 — j),
b == min(i, j).
Then the basic ideal J,, thought of as an ideal of H*(Gr,.,,) = A/, ,,—,, is minimally generated by
3) {Sul# Cpc (@07}
That (3) generates J, is [12, Theorem 4.8]. The conjectural part, which we prove, is the
minimality claim, that is, no generator can be removed without changing the ideal.
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As explained in [12} Section 4.4], the minimality from Theorem[I.2]implies obstructions
to short presentations of H*(X,,). First, let w™ = w,,,, be defined as in [12, Corol-
lary 4.5]; explicitly, by [11} Section 8],

@) wesin=nn—1,....(n—r+t+1),s,s—1,...,s—t+1,
n—r+tn—-r+t—3,....,s+1,s—t,s—t—1,...,1.

Then

) I, =J

Ur,s,t,n*

Second, let n = 4m, r = s = 2m, and t = m + 1 for some positive integer m. Thus
r=n-—r=2m,i=j=m,and a = b = m. Therefore, Theorem [1.2] combined with
implies /,,» requires an exponentially growing number

()~ =

of generators. This proves the first exponential lower bound to accompany the 2" upper
bound established in [12].

m

1.3. Organization. The remainder of this paper contains our proof of Theorem

Our proof strategy is as follows. If the generators (3) are not minimal, there is a syzygy
of the form (6). In Section 2} using the famous Littlewood-Richardson rule, this can be
rephrased as a nontrivial solution to a system of linear equations. We divide the system
into two subfamilies, “tall” and “wide” equations (Section [2). All of these equations are
homogeneous except for some tall equations.

The key step is to show that coefficient-wise, the tall equations are implied by the
wide equations. We prove this by transforming the problem in terms of tensors of Schur
functions and making use of the Hopf algebra structure of symmetric functions; this is
achieved in Section 3 As we explain in Section {4} this implies the aforementioned sys-
tem of linear equations is inconsistent, thus ruling out the existence of a syzygy (6) and
completing the proof.

2. SETTING UP THE LINEAR EQUATIONS

We briefly recall the basic properties of Schur functions and Littlewood-Richardson
coefficients. See, e.g., [6, [13] for thorough introductions. For a partition A (which we
identify with its Young diagram in English notation), the Schur function sy = sy(x1,z2,...)
is the generating function for semistandard Young tableaux of shape . Schur functions
form a Z-basis of A. The Littlewood—Richardson coefficients cf , are the structure constants
for the Schur basis:

5)S, = Zciusy.

v

The Littlewood—Richardson rule gives an explicit combinatorial description of cf, (the
version we use is Theorem [3.4). A fact that we rely on throughout is that Schur functions
are homogeneous of degree [A\| = A; + Ay + ---. In particular, c§ , can only be nonzero
if || = [A] + |p|. Similarly, it follows from the Littlewood-Richardson rule that cf , can
only be nonzero if \, u C v (identifying partitions with their Young diagrams in English
notation).



For the 3, in A, the multiplication is the same except partitions p must lie in the box
(n — )" in order for 5, to be nonzero:

v (n—r)"

Now, we return to addressing Theorem |1.2] . Fix v, 5:n € S,, and assign i, j,a,b as in
Theorem 1.2 . To prove the minimality of (3 . we must show that for any p C 5%, the ring A
does not admit syzygies of the form

(6) S(id,p) = Z IAS (i3 \)-
ACH?
AF£p
There is one important technicality we dispense with immediately: if i = n—r, thena = 0
and Theorem [1.2]is trivial. Thus we will assume thati <n —r,soa > 1.
Actually, we will prove the slightly stronger statement that no expression (6) exists for
any n, 7,1, j,a,b > 1 with

r<n, a+j<r, a+i<n—r, and b<i,j.

Fix any such integers (n,r,1,j,a,b). Suppose one can find p C b* and polynomials
gx € A such that (6) holds.

Since the Schur functions are homogeneous, both A and I, ,,_, are graded by degree.
The quotient A inherits this grading. Thus, we can compare the degree N = |p| homoge-
neous components of both sides of (f) and rearrange to obtain a homogeneous syzygy of
the form

(7) Z S = Z 5@\ with fy homogeneous and deg fy = N — |A|.
ACH® ACH®
IN=N IN<N

By homogeneity, the left-hand side of (7) is simply a Z-linear combination (that is, each
I € Z). We ignore the left-hand side of (7) for now and instead focus on the right-hand
side. Since f) € A, we can expand in the Schur basis to obtain

0C(n—r)"
[0]=N—|A|
Then
E IS = E E Ax oS08
AChe ACH® 6C (n—r)"
[A[<N INI<N |9]=N—|A|
_ v _
=2 2 Ao D e
ACH* 9C(n—r)" vC(n—r)"

IN<N |g|=N—|A|

- (Z Y, A)

vC(n—r)" > ACH* 0C(n—r)
IAI<N |6|=N— |/\|
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Viewing the parameters A,y as indeterminates, a syzygy of the form (7) for some
n,r,i,j,a,b, N is equivalent to a solution of the simultaneous linear equations

(8) { Z Z lirneAre =x) | v C(n— r)T},

ACH 9C(n—r)"
[A[<N |9]=N—|A|

where x(v) = f, when v = (i, p) for some p C b* with |p| = N, and x(v) = 0 otherwise.
The following definition records the assumptions on the parameters used in the pre-
ceding considerations.
Definition 2.1. Call an integer tuple ¢ = (n,r,,7,a,b, N) valid if n,r,i,j,a,b, N > 1 with
r<n, a+j<r, a+i<n—r, b<i,j, and N <ab.

Due to vanishing of Littlewood-Richardson coefficients, not all partitions v C (n — )"
contribute meaningfully to (§).

Definition 2.2. Call a partition v with #/ C v C (n — r)" and |v| = ij + N allowable.

When v is not allowable, both x(v) and all the Littlewood-Richardson coefficients
C{is n),p Vanish. In this case both sides of the corresponding equation in (8) are zero, so
we can assume that v is always allowable in (8). We will actually show that the equations
are inconsistent by focusing on a smaller subset of them.

Definition 2.3. Call an allowable partition v decomposable if v;;, < b (taking v;; = 0 if
((v) = j),and {(v) < j + a. Write Dec,, for the set of decomposable partitions v. We will
decompose any v € Dec,, into 3 smaller partitions via Figure

We will similarly say that an equation in (8)) is decomposable if the partition v it corre-
sponds to is decomposable.

-
- VR l
27 I
l
V= I
VB : : r
| |
\a |
| |
| |
|
b }
|
n—r
FIGURE 1.

We divide the decomposable partitions into two groups.

Definition 2.4. We say a decomposable partition v is tall if v; = i (so vg is empty), and
wide otherwise.

Similarly, refer to the equation of a tall (resp. wide) partition v as tall (resp. wide).

6



Lemma 2.5. Suppose for some valid ¢ = (n,r,i,j,a,b, N) there is a homogeneous syzygy of

degree N in A of the form
Z S = Z 365 )

ACH? ACH?
[A|l=N [A|<N

with the left-hand side nonzero. Then the decomposable equations

) { Z Z Cl(/ij)\),e AA,@ = X(V)

ACHK* OC(n—r)"
IN<N |6]=N—|A|

Ve Deqp}

are consistent, where x(v) € Z is defined for v € Dec,, by

 fus ifrvistall,
x(w) = {O if v is wide.

Proof. The above considerations show that the lemma is true if we replace (9) with the su-
perset (8). Clearly, removing equations from a consistent linear system yields a consistent
linear system. 0

We show that the decomposable equations are inconsistent in Theorem 4.4, We will use

the following notation for left-hand sides of the individual equations in (9).

Definition 2.6. Given a valid ¢ = (n,r,%,j,a,b, N) and any v € Dec,, define

Lin,(v) = Z Z i a0 Are-

ACH 9C(n—r)"
[A|<N |g|=N—|A|

Example 2.7. Letn =12,7r =6, = j = a = b = 3,and N = 4. In this case, the allowable
partitions v are:

These partitions are all decomposable. We record their corresponding linear combinations
in Figure

Example 2.8. If n =17,r=9,i=5,j=3,a=4,b=2,and N = 10, then not all allowable
partitions are decomposable. This is the case for the two partitions shown below.
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In particular, for these parameter values there are strictly more (nontrivial) equations in
than in (9). The point of Lemma [2.5]is that we do not need to use these equations to

;b#

show the system (8) is inconsistent.

(3,3,3,3,1) Aozt + A1 s+ A1o1 +Aso +As 11 + A3 + Ao+ Asin
(3,3,3,2,2) Aooo + A1 01+ A2+ A1 11+ A1

(3,3,3,2,1,1) Apoin +A121+ A1+ A1+ A2+ A+ A2 + A
5,4,4) Ap 211

5,5,3) Ap 22

6,4,3) Ap 31

4,3,3,3)

Apa+Aos1 +A13+A101 +Aso+ As 11 + As g

Apz1 + A1 +Ar21 + A + Az

4,4,4,1)

Ap211 + Ao 111 + A

5,3,3,2)

Ag s+ Aoz + Aoz + A1z + Ay + Az

57 47 37 1)

Aoz + Aoz + Ao211 + A1 21

(
(
(
(
(4,4,3,2)
(
(
(
(

6,3,3,1)

Apa+ Aoz + Az

Agz1 + Ago + Aoo1n + A1z +2A1 21 + A

(4,3,3,2,1) +A22+ Az 11+ A2+ A1+ A2

(4,4,3,1,1) Ap22 + Aoo11 + Ao 1111 F Aror + A A
(5,3,3,1,1) | Ao,z1 + Ao211 + A3+ A121 + A112

(4,3,3,1,1,1) | Ao,211 + Ao,1111 + A121 + A1 111 + Ao + Arnan + A

FIGURE 2. The decomposable equations for Example 2.7, divided into tall
and wide equations.




3. THE HOPF ALGEBRA OF SYMMETRIC FUNCTIONS

Fix a valid tuple ¢ = (n,7,1,7,a,b, N). View the linear forms Lin,(») as vectors in the
ambient vector space V' with basis {Ayy}, ,, where \,0 C (n —r)". Let T be the linear

isomorphism 7' : V — A ® A defined by
T(A)\ﬁ) = 35) ® Sp.

We use this isomorphism to give a useful perspective on the vectors Lin,(v) € V via the
(ring) product structure on A ® A and the coproduct map

A:A—=ARA.

Recall the coproduct A on symmetric functions acts on Schur functions by

Als)) =3 (52 @ 5).
A

Since the projection A — A naturally induces a projection
A®A = ARA,
we will also denote the latter with overlines.

Definition 3.1. We define a linear endomorphism CP : A®@ A — A ® A as follows. For a
simple tensor 5, ® 5, € A ® A, define
A(S)\) —(5)\@1) ifguz 1,

(10) CP(3: @ 5u) = {A(S,\)(l ®3,) ifs, # 1.

Define CP on all of A ® A by extending linearly.
Example 3.2. For example with n = 12 and r = 6 (as in Example[2.7), one can compute
CP(321 ®31) = A(s21)(1 ® 51)

=(1®5n+5105n+5105+5 35 +51 Q5 +51 0 1) (1®7)

= (1®325) + (51 @ 5u51) + (51 @ %51) + (B2 ® 5)) + (Gu ®F)) + (5 @ 5),
and

CP(§22 ® 1) = A(Sgg) - (322 ® 1)

=1® 352 +351 ®321 +352 @352+ 511 ® 511+ 5201 @Sy

We think of each decomposable v as corresponding to the simple tensor 5,,, ® 5,,,. Let
us consider how the map CP acts on this tensor when v is tall versus when v is wide.

When v is tall, [v3| = N and 5,,, = 5(p) = 1. Then by the first case of Definition 3.1}
CP(EVB ® 1) - A(‘SVB) - (EVB ® 1)

=) > B (5, ®%)

Il
.
o
> R
o
—~
®|
>
®
vl
>
~

ACvp 0C(n—r)"
IA[<N |g|=N—||
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When v is wide, we have |vg| < N so |vg| > 0. Then the second case of Definition
implies

CP(50; @3uy) = Alsu) (1@ 50y

= Z Z C?i;g)\ ® (EMEVR)

ACvp uCrvp

=22 > Hdnew)

ACvp uCrp 0C(n—r)"
[A|l<N

Y Y (T men
ACvp 0C(n—r)" \uCrvp
IN<N |0]=N—|A|
Recall V' denotes the vector space with basis {Ay | A,0 C (n — )"}, and T is the linear
isomorphism 7 : V — A ® A defined by T(Ay ) = 5\ ® 3.

Proposition 3.3. For any decomposable partition v,

T(Lin,(v)) = CP(3,, ® 5,,).

To prove Proposition 3.3 we first review Littlewood-Richardson pictures, a combinato-
rial model of Littlewood—Richardson coefficients due to James and Peel [§8]], and Zelevin-
sky [14].

A skew diagram is obtained from two partitions v and A with A C v by aligning the
northwest box of each and taking the set difference. This diagram is denoted v/\. Any
partition 6 is also a skew diagram 6 = 6/(0).

A picture between two skew diagrams is a bijection between their boxes such that if a
box A is weakly above and weakly left of a box B in either diagram, then the correspond-
ing boxes A" and B’ of the other diagram appear in order in the reverse row numbering
(the numbering of boxes right-to-left in each row, working top-to-bottom). The following
result can be found in [6, Chapter 5.3].

Theorem 3.4. The Littlewood—Richardson coefficient cX , equals the number of pictures between
v/\and p.
543221

Example 3.5. The Littlewood-Richardson coefficient c355573, = 4 is witnessed by the pic-
tures in Figure 3]

Proof of Proposition[3.3] We must show that 7'(Lin,(v)) = CP(5,, ®5,,), that is

CP(5,, ®35,,) Z Z Clii v, (5) ® 3p).

ACvp 0C(n—r)"
IAI<N ||=N—|A|

Suppose first that v is tall. Then as we computed after Example 3.

CP(5,, ® Z Z c/\esk®59

ACvp 0C(n—r)"
IN<N |6]=N—|A|
Thus it suffices to prove that

__ VB
Ciin,e — Exp
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bla] bla]
cle cle
alblcld] alblcld]
f<—>efg f._,@fg
d[g 11 d[h 11
1 9]
bla] bla]
fcbe alblcld] {Le alblcld]
<~ e|f]g ~—le|f]g
d|f I d|c A
9] 9]

FIGURE 3. Example of Theorem

forall \,0 C (n—r)” with A C vg and |§] = N — |A|. This is immediate from Theorem [3.4}
since the skew shapes v/\ and v/(i/, \) are (essentially) the same.

Now, assume that v is wide. Again consulting the computations following Example
we have

CP(5,, ®5,,) = Z Z (Z CKBM Zw«z) (S5A ® 3p).

ACvp 6C(n—r)" nCrp
[A[<N |g|=N—|A|

zﬂ)\)e_ E :C)\u uuR

nCrp
forall \,0 C (n—r)" with A Cvg, [\| < N,and |#] = N — ||
Denote the conjugate of a partition 7 by 7. The map w : A — A defined by w(s,) = s,/
for each partition p is known to be ring involution (see for instance [6, Chapter 6.2]). This
implies that ¢, ; = cll/ g for any «, 3, ~. Thus, the proof is complete if we can show

C(m'ef— E,C ’Cu (vR)

nCrp

Hence it suffices to show that

It straightforward to check that a correspondence of skew diagrams
VN 0
is a picture if and only if it induces pictures
(vg)' /N +— 1/ C ¢ for some u, and
0 /1 +— (vgr)'. O
We aim to show that the linear system (9) of Lemma [2.5]is always inconsistent, yielding
a contradiction. The main idea is to show that for each tall v, one can write Lin,(v) as

a linear combination of the vectors {Lin,(p) | pis wide}. We will see in Lemma [4.2| that
Algorithm 1 below accomplishes this.

We first demonstrate this algorithm, then proceed with analyzing it.
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Algorithm 1

input valid ¢ = (n, 7,4, j,a,b, N).
input a tall v € Dec,.

initialize the tensor

0= CP (S, ®1) = Z Z C/\QS)\®89)

ACvp 0C(n—r)"
[0]=N—|A|

initialize i = 1.
while £~V contains a nonzero term of the form
Y(Ex ® (5, - -+ 5,m)) with [A\| >0, (where k > 1,and v € Z)
do
Without expanding the product on the right factor of each tensor, set
¢0 = 07D — A CP(5 ® (5,0 - w))
=0 —YA()(1® (5,0 -+ 5,m))
= g(i_l) - Z 70/),7 S5 ® (5#(1) a 'Eu(’“)gT))'
p,TC(n—r)"

increment 7.
end while
return 0V

Example 3.6. Continuing Example IZE v =(3,3,3,3,1) is decomposable and tall, with
Ling(v) = Ao + A1+ A1o1 + Aso+ Aoq1 + Az + Aro + Ao

The corresponding tensor is
CP(33 ®1) = A(s31) — 53 ® 1
=1®3831+51®383+351®S21 +352@352+ 353
+ 53 ® S1 + S11 ® Sp + So1 ® Sy
This tensor is £(). It contains the term 3, ® 33, so we eliminate it by setting
¢W =¢0 — CP(5, ®53)
=0 — A(s)) (1 @55)
— 0 _ (197 +5 ®1)(1®5)
=0 — (105,53 + 5 ©53)
=1®3531 —1®351S3+31 @321 +352Q5+ 35 Q5
+ 53 ® S + S11 ® S + S21 ® 1.
For the second iteration, use the term 3, ® 3, occurring in ¢(). We eliminate it with:
€2 = €W _ CP(5, 0 5,)
=W — Afsy)(1@35,)
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=W _(195,4+505+501)(103)
=¢W — (1®35 43 @355 + 3 ® )
=1®531 —1®555— 1055 +5 ®Sy — 51 @515 + 5 ® 51y
+ 53 ® S1 + S11 @S2 + So1 @ 57
In the third iteration, we eliminate the term —3; ® 3,3, occurring in £?). Then
¢ =¢®) 4 CP(5 ® 5,5,)
=@ 4 As) (1 ®53,)
=P+ (105 +5 1)1 ®55)
=@ 4 (1 ®375, + 5 ® 515,)
=1®5351 —1®55—1®35+ 1855 + 35 ®5 + 5 Q5
+ 53 ®S1 + 511 ® S2 + 521 ® 5.
Continuing in this fashion, one eventually arrives at
1®331 —2(1®3533) — 2(1 ®351391) — (1 ®53) — 2(1 ®52511)
+6(1 ®3%5,) +3(1®558) — 3(1®37)
at which point the algorithm terminates.

Now, we analyze this algorithm in general.

Proposition 3.7. Algorithm 1 terminates after a finite number of steps.

Proof. To prove this claim, consider an iteration
f(i) — é"(i—l) —vCP(5) ® (gu“) .. 'glt(’“)))
= g(i_l) —y Z C;‘ﬂ_(gp (24 (E#(l) .- -§u(k)§7—)).

p,TE(n—r)"
All tensors appearing with nonzero coefficient in the sum have left tensor factor 5, with
lp| < |A| except for 5\ ® (5, - --5,m), which cancels with the identical term in {1,
Therefore the number of tensors s, ® e appearing in £ with |a| > |)| is strictly smaller
than the number in 01,
Hence for i sufficiently large, the number of tensors s, ® e appearing in £ with |a| > 1
will be zero, at which point the algorithm terminates. O

Proposition 3.8. The terms
S5\ @ (§u(1> - -Eu(m)
occurring wiith nonzero coefficient in any £ have integral coefficients with sign (—1)%+1.

Proof. That the coefficients are integral holds since they arise from repeated sums, dif-
ferences, and products of Littlewood—Richardson coefficients, which are integers. By the
construction of Algorithm 1, the signs start positive in £() and change each time a new
factor is added to the right of the tensor in an update ¢(—1 — ¢, O

Proposition 3.9. The output of Algorithm 1 does not depend on the choice of term in each itera-
tion.

13



Proof. 1t follows from Proposition 3.8|that during the algorithm, the only cancellation that
occurs in an update

(11) ¢0 = ¢ — 4CP(5 ® (5,0 - Fum))

is the cancellation of the term 75, ® (5,a) - --5,m) in £ (=1, and its negative in WCP(EA ®
(3,0 ++3,m)). Moreover, the algorithm only can ehmlnate a term 75\ ® (5,0 - 35,m)
with \)\] > 1 by the update step (11). Therefore the order in which we compute the update
steps (1I) does not effect the output. O

Definition 3.10. Given a valid tuple ¢ and a tall partition v € Dec,, let Reduce,(v) € A@A
denote the output of Algorithm 1.

Example 3.11. Continuing Examplewith v=(3,3,33,1),
Reduce,(v) = 1® 33 — 2(1 ®5153) — 2(1 ® 3,32;) — (1 ®33) — 2(1 ® 59511)
+6(1 ®335,) +3(1 ®35751) — 3(1 ®3}).
Simplifying, we obtain
Reduce,(v) = 1 @ (S31 — 25153 — 251521 — 55 — 252511 + 65752 + 35751, — 357)
—(1 ®3a11).
Notice 211 is the conjugate of vz = 31.

Denote the conjugate of a partition 7 by 7’. In general, we have:
Proposition 3.12. Let v € Dec,, be tall. Then
Reduce,(v) = (—1)"2H (1 @ 5,,).

Proof. We proceed by induction on N = |vp|. The base case is |vg| = 1. In this case,
Algorithm 1 outputs ¢ = CP(5; ® 1), so

Reduce, (v) = ¢ =CP(E1®1) = Zc (1®3y)) =1®3;.
|9]=1

Suppose |vp| = k > 1. Construct the tensor £ from v, so

5(0) = CP(EVB ® 1)

= Z Z CKI’BH(E)\ ®§9).

ACvp 0C(n—r)"
|0]=N—[A|

Since there are finitely many nonzero terms occurring in the double sum, let us list them
out explicitly as
L

(0 =(185,,)+> 2,5 @5),
i=1
where 1 < |N| < k for each i. Set ¢’ = (n,r,4,j,a,b, |\'|) for each i. From Proposition 3.9,
it follows that Reduce,, satisfies the “depth-first search” recurrence
L
Reduce,(v) = (1®35,,) — > _ &%, Reduce, ((#)\')(1 ® 5p:).
=1
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By the induction assumption,
Reducey: ((#)A) (1 @ 54:) = (—1)* (1 @ 5y, 5:) foreach 1 < i < L.
Thus,

Reduce,(v) = (1®35,,) + Z g W1 ® S(xiyS)

1®SVB Z Z | ‘ 1®S,\/89)

[AI>1 6C(n—r)
$Co (6N

= Z Z |>\‘ 1®S)\/89)

ACvp 6C(n—r)
|6]=N— I>\|

The lemma then follows if one can prove that

Z( 1)‘>\| S)\/Sg = 0.

A0

In Lemma below, we prove an analogous identity holds in A. Projecting from A
down to A via the (linear) quotient map s, — 5, completes the proof. O

Lemma 3.13. For any partitions \, j1, v,

Z(—l)‘)‘ch’HsA/su = 0.

A
Proof. Recall the Hopf algebra structure on A over Z. This includes
e the usual multiplication map V : A ® A — A with
V(sx ® s,) = SxSy;

the coproduct described previously, with A : A — A ® A with

A(sy) = Z Ch 152 @ 545

At

the unitn : Z — A, the ring homomorphism with 1 — 1;
the counit e : A — Z taking f € A to its constant term f(0,0,...);
the antipode S : A — A with

S(S)\) = (—1)”“8)\/.

The antipode S is characterized by the commutative diagram shown in Figure 4, On a
Schur function s,, we compute

noe(s,) =n(0)=0, and

Vo(S®id)oA(s,) = (Zc/\# Sx ®s,,> :ZCK,M(_l)WS/\’Sw O
A

15



A v
n
A < s 7, > A
A v

FIGURE 4. The Hopf algebra stucture on A

4. CONCLUSION OF THE PROOF

Definition 4.1. Let I be the subspace
W = Spany {Lin,(p) | p € Dec,, is wide}

Recall the linear isomorphism 7" : V — A @ A defined by T'(A, ) = 5, ® 3.
Lemma 4.2. Let ¢ = (n,r,i,j,a,b, N) be valid with N < min(j,n —r — ). Then Lin,(v) € W
for any tall v € Dec,,.
Proof. It is enough to show the analogous statement for tensors:
CP(5,, ®35,,) € Spang, {CP(5,, ®5,,) | p € Dec,, is wide} = T'(W).
From ¢ and v, suppose Algorithm 1 produced ¢, ... ) = Reduce,(v). Then

CP(3,, ®35,,) = &9
K

_ S(K Z g(z (i— 1

i=1
By Proposition 3.12}
R = (=) (1 @ 5,)).
We have v/}, C (b%) = a’. Sincea +i < n —r and b < j, it follows that ¢&) € T(W).
It remains to show that each term (¢ — ¢(0-Y) € W. By definition,

¢ — ¢ = —4CP(E @ (5 5,0 " 8,0))
for some vy € Z and partitions A, u™, ..., u*). One observes from Algorithm 1 that
AL+ O]+ 4 1@ = N
Since we are assuming N < min(j,n —r — i),

k
ng“) € Spany {Sy [0 C (n—r —1)’},
i=1
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say

k
H S = g dgySg.
i=1

0C (n—r—i)’
16I=N—|

Then if we expand, we obtain

g(i) _ g(i—l) = —yCP(5\ ® (5#(1) - ‘gu(k)))

= —’}/CP (3)\ ® Z d9§9)

0C(n—r—1)
0]=N—[A|
= -7 Z dQCP<§)\ ® 39).
0C (n—r—i)J
0]=N—[A|
Since A C v C 1), each term CP(5), ®3y) is of the form CP(5,, ®3,,) with p € Dec, wide,
it follows that £0) — ¢(=D ¢ T(W). O

Lemma 4.3.ASuppose ¢ = (n,r,i,j,a,b, N) bevalid. Set p = (n,T, z',}, a,b, N) where n = 4%n,
r=2%r,and j = 29j for ¢ € N. Fix any v € Dec,, and let U € Decg be the partition with
Vg =vp and Ugr = UR.
Then setting the variables
{Axo [ NEL bW 0r L (n—1r—1i)}
to zero in Ling (V) yields exactly Lin,(v).

Proof. It suffices to note that

v

Cw 20 = Cine
by Theorem since the skew shapes v/(i/, \) and U/ (z’})\) are (essentially) the same. [J
Theorem 4.4. For any valid ¢ = (n, 7,1, j,a,b, N), the equations
(12) {Lin,(v) = d, | v € Dec,}

are inconsistent whenever d, = 0 for all wide v, and d, # 0 for some tall p.

Proof. Suppose first that
N < min(j,n —r —1).
By Lemma .2} we have Lin,(p) € W. The restriction d, = 0 when v is wide would then
force d, = 0, contradicting the hypothesis. Thus the equations are inconsistent.
Now suppose that
N > min(j,n —r —1).
Choose ¢ so that N < min(29j,4% — 29 — ). Let
$=(A,7i,5,a,b,N), where 7@ =4, 7=20 and j=27j.

For each v € Dec,, let U € Decg be the partition with V5 = vp and Vg = vg. For 7 € Decg,
define
d, if 7 =V for some v € Dec,,
€r = .
0 otherwise.
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By the previous argument, the equations
(13) {Ling(7) = e, | 7 € Decs}

are inconsistent. By Lemma the equations can be obtained by setting certain
variables to zero in (13). Setting variables to zero in an inconsistent linear system produces
the same. O

Theorem 4.5. For any valid ¢ = (n,r,i,j,a,b, N), there is no syzygy of the form

Z S = Z VIR,

ACH? ACH?
IAN=N IN<N

with the left-hand side nonzero.

Proof. By Lemma2.5] the existence of such a syzygy would contradict Theorem O

Corollary 4.6. For any bigrassmannian v = v,s;, € S, and i,7,a,b as in Theorem the
generating set

{5u | ¥ Cp (@07}
of J, in A is minimal.

Remark 4.7. In [12], a transposed version of Theorem is also proved (with minimality
conjectured). The generating set is

(14) (5.1 ¥ CpC((i+a),7"}

These are exactly the conjugates of the generating set (3) whose minimality we prove. One
could straightforwardly“transpose” all arguments in this paper to prove minimality of
(T4). Specifically, one would interchange the roles of wide and tall equations in Section
(with minor modifications) and swap the order of the tensor components in Sections
and
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